where M is a hypersurface, an explicit formula for the Futaki invariant of a degeneration of M . This represents a non-linear generalization in the special case of hypersurfaces of Lu's earlier formula [Lu99] for the Futaki invariant of a normal complete intersection.
In this paper we shall study the Futaki invariant and the Mabuchi K-energy using the Deligne pairing technique. The Deligne pairing technique was introduced by Zhang [Z] and developed in [PS1] and [PS2] . Our main result is a formula (Theorem 6) for the Mabuchi energy on the orbits of SL(N + 1) which provides a non-linear version of Lu's Futaki invariant formula for a complete intersection. A similar formula is also established for the AubinYau functional. We also give a simple characterization of the generalized Futaki invariant and a new construction of the generalized Futaki character as well. A basic idea in our approach is to associate to each smooth projective variety M the one-dimensional vector space
Here K is the canonical bundle of M , · · · is the Deligne intersection pairing, and K −1 occurs n+1 times in the pairing. The point is that this construction is completely canonical, and hence the action of η(M ) on M lifts to a group action on F, which turns out to be precisely the Futaki character. A slightly modified version works in the Q-Fano case as well.
A more detailed description of the results and organization of the paper is as follows. Section 2 is devoted to establishing the simple characterization of the Futaki invariant: F (X) is the eigenvalue of the infinitesimal action of X on Chow(M ), the Chow point of M . Moreover, the Futaki characterF (X) is the eigenvalue of the action of Aut(M ) on Chow(M ) (see Theorem 1 and its corollary, stated in §2.1 and proved in §2.4). The background needed on Deligne pairings is provided in §2.2. Energy functionals in Kähler geometry originate from many sources. A unifying theme is that of Bott-Chern secondary classes (see e.g. [Do] , [FMS] , [T00] and references therein). In this paper, we rely on another unifying theme discussed in §2.3, namely energy functionals as variations of metrics in suitable Deligne pairings (Theorem 2), e.g.
Next, in Section 3, we show how one can use this characterization to give a new proof of Lu's formula [Lu99] on the generalized Futaki invariant of a complete intersection (Theorem 3). Section 4 begins with Theorem 4, which provides a general "adjunction formula with metrics". This theorem is closely related to a corresponding result of Lu, although the formulation in [Lu99] is rather different. Finally, we apply the adjunction formula with metrics in Theorems 5 and 6 to prove the desired formulas for the Aubin-Yau and the Mabuchi energy functionals for complete intersections. As stated earlier, these can be viewed as a non-linear version of Lu's formula for the Futaki invariant of complete intersections. They can also be viewed as a generalization to the case of complete intersections of formulas for hypersurfaces obtained earlier in [T94] and [PS1] for the Mabuchi functional, and in [Z] and [PS1] for the Aubin-Yau functional: in particular, we show that the K-energy of a complete intersection may be expressed as a degenerate norm on the space of defining polynomials.
2 Lifting the Futaki character 2.1 Statement.
Let M be an irreducible normal projective variety and M reg ⊆ M the open subset consisting of all smooth points. We say M is Q-Fano if there exists k > 0 and a very ample line bundle L on M such that
embedding of M defined by some power of L, and a Kähler formω on P N representing c 1 (P N ), such that
Ifh is a metric on O(1) such thatω = Ric(h) ≡ − √ −1 2π ∂∂h, then we define a metric h on L as follows:
A vector field X on M reg is admissible if there exists an embedding as above, and a holomorphic vector field ξ on P N such that ξ is tangent to M reg with ξ| Mreg = X. The space of all admissible vector fields will be denoted η(M ). It is the Lie algebra of the algebraic group G = Aut(M ) consisting of all invertible algebraic maps from M to itself.
Suppose ω is an admissible Kähler form on M reg and X ∈ η(M ). Define
where f is a smooth function on M reg chosen so that
If M is smooth, then Futaki [F83] has shown that (2.3) is well defined, independent of the choice of ω, and F : η(M ) → C is a Lie algebra character. For arbitrary Q-Fano M , this was proved, using resolution of singularities, by Ding-Tian [DT] . When M is smooth, it is known, through the work of Futaki, Mabuchi and Morita (see [F87] , [Ma] , [F-Mo] ) that F has a lift to a group characterF : G → C × . They show, using the theory of ChernSimons invariants, thatF may be constructed as the fiber integral of the Godbillon-Vey class of a certain locally trivial M bundle over the classifying space BG. Yotov [Yo99] was able to constructF in the general case of QFano varieties by combining the techniques of the previous authors with the Edidin-Graham [EG] theory of equivariant Chow cohomology groups.
Our first theorem gives an alternate construction ofF in terms of the Deligne pairing (for background on Deligne pairings, see §2.3): Let M be a Q-Fano variety and let L be the extension of K −k from M reg to M . Then the action of G on M lifts canonically to an action on K −1 and thus G acts on the pairing F = L, L, ..., L , the Deligne pairing of L with itself n + 1 times. Since F is a one dimensional vector space, the action of G on F defines a group characterF :
As a corollary, we find that F (X) is the eigenvalue of the Chow point of M : More, precisely, there is a natural action of G on H 0 (L k ), inducing an action on Gr(N − n − 1, P N ) and
be a representative of the Chow point. Since the Chow point is unique up to scalar multiplication, we have, for each σ ∈ G,
for some C(σ) ∈ C × . The corollary states that C(σ) =F (σ) k n+1 :
and the Futaki invariant F (X) by
for all σ ∈ G ⊆ GL(N + 1, C), and for all X ∈ Lie(G).
The Deligne pairing
We recall some of the basic definitions and properties in [De] and [Z] 1 : Let π : X → S be a flat projective morphism of integral schemes of relative dimension n. Thus for every s ∈ S, the fiber X s is a projective variety in
, and defined as follows: Let U ⊆ S be a small open set and let l i be a rational section of
Assume that the l i are chosen in "general position": This means ∩ i div(l i ) = ∅ and for each s and i with s ∈ U and 0 ≤ i ≤ N , the fiber X s is not contained in div(l i ). Then for every k, the map (
. This means that the n(s) are integers and the points P (s) are a finite set of points in X s . Now we define L 0 , L 1 , ..., L n (X /S). Over a small U ⊆ S, this line bundle is trivial and generated by the symbol l 0 , ..., l n where the l i are chosen to be in general position. If l ′ i is another set of rational sections in general position, then l ′ 0 , ..., l ′ n = ψ(s) l 0 , ..., l n for some nowhere vanishing function ψ on U which we must specify. We do this one section at a time: Assume that l i = l ′ i for all i = k. Assume as well that the rational function f k = l ′ k /l k is well defined and non-zero on (
. The Deligne pairing is obviously multilinear in the bundles L 0 , · · · , L n . Applied to a family X consisting of a single irreducible normal variety (i.e. S consists of a single point), it produces a one-dimensional vector space.
Let π : X → S and L 0 , ..., L n as above. Let l be a rational section of L n . Assume all components of div(l) are flat over S. Then we have the following induction formula:
Assume now that X , S are defined over C, and that L i is endowed with a smooth hermitian metric (that is, for any holomorphic map from a smooth variety Y to X , the pull back metric on f * L is smooth on Y ). We now define a hermitian metric on
In general, we define
where the integral is the fiber integral over S, so both sides are functions on the base manifold S.
If we combine the induction formula with the definition of the metric, we immediately get the following isometry:
where O(f ) denotes the trivial line bundle with metric ||1|| = exp(−f ). In particular,
where
Using induction we get the following change of metric formula:
Let φ : X → Y be a morphism of projective flat integral schemes over S and let m = dim(X /Y) and n = dim(Y/S). If K 0 , ..., K m are line bundles on X and L 1 , .., L n are line bundles on Y then we have a canonical isometry:
Now if N and N ′ are hermitian line bundles on S, then it follows easily from the definition of the Deligne pairing that we have the following isometries
Here L jη is the restriction of L j to a generic point of S. In particular,
, where K jη is the restriction of K j to the fiber at a generic point of Y.
Energy Functionals and the Deligne Pairing
The change of metric formula (2.10) can be used to show that various important functionals have a natural interpretation as metrics on certain Deligne pairings. This point of view is rather useful (cf. [PS1] and [PS2] ) and will be adopted as well in the proofs of the theorems in this paper. In this section we recall some of the key functionals and give their metric interpretation: Let M be a Kähler manifold with Kähler form ω. Denote by
the space of Kähler potentials, and recall that Ric(ω) = − √ −1 2π ∂∂ω n is the Ricci curvature form of ω. The Aubin-Yau functional is defined by
the Futaki functional is defined by
and the Mabuchi K-energy is defined by
(With a different normalization, the Aubin-Yau functional appears in the literature as the functional
Corresponding to the three functions (2.14), (2.15) and (2.16), we define the metrized Q line bundles:
A direct calculation from the change of metric formula (2.10) gives Theorem 2. The Aubin-Yau, Futaki, and Mabuchi energy 
functionals arise as changes of metrics in the corresponding Deligne pairings
2.4 Proof of Theorem 1.
For notational simplicity, we give the proof in the case k = 1.
Fix h, a smooth metric on
is an isometry for a uniquely defined smooth function φ σ .
Here "smooth" means that for every holomorphic map f from a complex manifold Y to M , the pull back metric f * h is a smooth metric on f * L and the pull back function φ σ • f is a smooth function on Y . For example, one can construct such an h via formula (2.2).
is an isometry, where σ t = exp(tX R ). Thus by (2.10)
Here
In other words, Re(G(X)) = E ′ (t). On the other hand, differentiating both sides of (2.19):
Integrating by parts in the second integral, we obtain
The last equality is proved using integration by parts (see p. 23 of [FMS] for the proof for smooth manifolds, and [Yo99] for the general case). We conclude that Re(
, that is, we must show that F : G → C × is a holomorphic function. This follows from the following:
Proof. We may assume that G is an infinite group. Let ℓ 0 , ..., ℓ n be a section of L, ..., L . Thus ∩ n j=0 div(ℓ j ) = ∅. Let σ ∈ G be in a small neighborhood of 1 G , the identity element of G. Define
with n jk (σ) ∈ Z and y jk (σ) points in M . Then
We claim that each f j (σ) is rational and defined in a neighborhood of σ = 1 G . To see this, let π : G × M → M be the projection map, and let
The map π j is generically finite and f j (σ) = Norm Z j /G σℓ j ℓ j is therefore rational, which implies that F (σ) is rational. Since F is a homomorphism, we conclude that F is everywhere defined, and is therefore regular at every point σ ∈ G. This proves the lemma.
Finally, the corollary follows from the theorem of Zhang [Z] , which states that L k , ..., L k = L, ..., L k n+1 is canonically isomorphic to the Chow line bundle.
3 The Futaki invariant of a complete intersection.
The Futaki invariant of a complete intersection has been computed by Lu [Lu99] (see as well the paper of Yotov [Yo99] ) and is given as follows:
∂z j be a holomorphic vector field on P N , normalized so that the matrix (a ij ) has trace zero. Assume
We wish to show how Theorem 1 can be used to give a proof of Theorem 3. To do this, it is useful to view M as a fiber in the family of all complete intersections:
Let R d be the space of homogeneous polynomials of degree d, and let
Then X ⊆ Z × P N is a smooth variety and dim(X ) = dim(Z) + n. Let L → X be the pull back of the hyperplane bundle on P N equipped with the Fubini-Study metric, and let K → X be the relative canonical bundle of
where π : X → Z is the natural projection. Then Z 0 ⊆ Z is Zariski open, and the restricted map π : X 0 → Z 0 is flat (where X 0 = π −1 (Z 0 )). We want to compute the Deligne pairing
which is a line bundle on Z 0 .
Note that F j (z), when viewed as a function of (F j , z) , is homogeneous of degree one in F j and homogeneous of degree d j in z. Thus it represents a global section
The simultaneous vanishing of the σ j defines the subvariety X 0 ⊆ Z 0 . Thus we have, applying (2.4) successively s times,
where H k is the pullback of the hyperplane bundle on P(R d k ). Next we recall that the relative canonical bundle of Z 0 × P N → Z 0 is L N +1 . Since X is a complete intersection, defined by the sections σ 1 = · · · = σ d = 0, and since σ j is a global section of L d j H j , applying the adjunction formula s times yields
Expanding (3.1) using the multi-linearity of the Deligne pairing, we get the main term, L, ...L d 1 ···ds·m n+1 , which is the trivial line bundle: Indeed, z 0 , z 1 , ..., z N is a global nowhere vanishing section of L, ..., L . As for the other terms in the expansion of (3.1): If two or more of the H i appear, say H i and H j , we get the trivial bundle, by applying (2.13), with N = H i and N ′ = H j . Thus the only terms which contribute are those with one H. There are two ways this can happen: Either the H i comes from the i th position in (3.1), with 1 ≤ i ≤ s, and then it is paired with L d k with k = i, as well as n + 1 = N − s + 1 copies of L m . Or H i comes from any one of the last n + 1 positions and then it is paired with L dr , 1 ≤ r ≤ s as well as n = N − s copies of L m . In the first case we apply (2.12) with N = H i and
times. In the second case we apply (2.12) N −s+ 1 = n+1 times with N = H
Combining (3.1) and (3.2) we obtain F (X) = a i κ i and this, together with formula (3.3) yields Theorem 3.
4 Energy functionals for a complete intersection.
The adjunction formula with metrics.
We wish to prove a non-linear version of Theorem 3 in which the Mabuchi K-energy is expressed in terms of certain norms on the polynomials defining M . To do this, we first prove a metrized version of the adjunction formula: Let X be a smooth variety and Y ⊆ X a smooth subvariety. The adjunction formula says
where O(Y ) is the line bundle associated to the divisor Y .
The isomorphism is easy to describe in local coordinates: Let y ∈ Y . Choose local coordinates (z 1 , ..., z n ) in such a way that y is the origin, and Y is the set z 1 = 0. Then a local section of K X ⊗ O(Y ) is meromorphic differential form of the type
where g(z) = g(z 1 , ..., z n ) is a holomorphic function. The isomorphism (4.1) is η → θ where θ = g(0, z 2 , ..., z n )dz 2 ∧ · · · dz n that is, θ is the residue of η. Note that the map η → θ does not depend on the choice of coordinates: If z 1 = uz ′ 1 where u is a nowhere vanishing function, then
. In other words,
vanishes on Y . This shows the isomorphism (4.1) is well defined.
An equivalent way of formulating (4.1) is
Again, this is easy to describe in local coordinates: Let y ∈ Y , let U ⊆ X be an open set containing y, and let W = U ∩ Y ⊆ Y . As before, we assume that Y is locally given by the equation z 1 = 0. Then a section of K X over U is a differential form η = g(z)dz 1 ∧ · · · ∧ dz n with g holomorphic on U . We say η is equivalent to zero if g(0, z 2 , ..., z n ) = 0. If η and η ′ are sections of K X over U and U ′ respectively, where
.., z n ) = 0, in other words, f is divisible by z 1 . We say that f is equivalent to zero if it is divisible by z 
where ∇ ω T is the gradient of T with respect to the metric ω. This makes sense since |T | 2 is a smooth function on X. Thus ||T || 2 ad is a smooth function on Y .
The following theorem is closely related to Proposition 3.1 of [Lu99] , although the statement there looks rather different: 
where ∇ ω T is the gradient of T with respect to the Kähler form ω. Then || · || ad is a well defined metric on O(−Y )| Y and
is an isometry with respect to this metric.
Note that (4.4) makes sense since |T | 2 is a smooth function on X. Thus ||T || 2 ad is a smooth function on Y . Proof. First observe that the norm || · || ad has a very simple description in local coordinates: Let y ∈ Y and let (z 1 , ..., z n ) be local coordinates centered at y satisfying a) and b). We write T = z 1 F where F is holomorphic on U . Then ||t||
Note that (4.6) holds only at the point y, whereas (4.4) holds on all of W .
To establish Theorem 4 we must prove the following:
1) ||t|| ad depends only on the equivalence class of t.
2) If f is a holomorphic function on W ⊆ Y , then ||f t|| ad = |f | · ||t|| ad .
3) ||t|| ad ≥ 0 with equality if and only if t = 0. 4) If (z 1 , ..., z n ) are coordinates centered at a point y ∈ Y satisfying a) and b), and if Y is defined by z 1 = 0, then ||z 1 || ad = 1 (or, more precisely, ||t|| ad = 1 where t is the section of O(−Y ) represented by z 1 ).
Property 1) says that || · || ad is well defined. Properties 2) and 3) say that || · || ad is a genuine metric on O(−Y )| Y . And property 4) says that (4.5) is an isomorphism.
Property 1) can be seen as follows: Assume t ∼ t ′ . Then t = t ′ + z 2 1 F where F is holomorphic on U , and Y is defined by z 1 = 0. Then ∂t = ∂t ′ + O(z 1 ), so ∂t| Y = ∂t ′ | Y . Alternatively, property 1) follows from (4.6) since if t = z 1 F and t ′ = z 1 F ′ then t ∼ t ′ if and only if F − F ′ is divisible by z 1 . Since z 1 vanishes at y, property 1) follows.
To prove 2), we note that in calculating d(f t), the derivatives can land on t or f . But when we restrict to Y , t vanishes. Thus, for the purposes of calculating ||f t|| 2 ad , both derivatives land on t and |f | 2 factors out. Alternatively, property 2) follows immediately from (4.6): If t = z 1 F then f t = z 1f F , wheref is any holomorphic extension of f from W ⊆ Y to U ⊆ X.
To prove 3), we work in local coordinates: If t = z 1 F , where F is a holomorphic function on U , ||t|| ad = |F (y)| 2 . On the other hand, t vanishes at y if and only if F (y) = 0. This proves 3).
Finally, 4) follows immediately from (4.6), and Theorem 4 is proved.
Remark:
We also have the following relative version of Theorem 4: Let S be a complex manifold and π : X → S a smooth family of complex manifolds of relative dimension n. Let ω be a (1, 1) form on X such that the restriction of ω to each fiber X s is a Kähler form. Let Y ⊆ X be a smooth submanifold of codimension one such that Y s = Y ∩ X s is smooth of codimension one. Let K Y and K X be the relative canonical bundles of Y → S and X → S, and endow K 
The Aubin-Yau functional as a norm.
The Aubin-Yau functional AY ω (φ) on the space P (M, ω) of Kähler potentials was defined in subsection §2.3. In this subsection, we shall show that, for complete intersections, it can be written explicitly in terms of a norm on the space of defining polynomials. Let (M, ω) be a compact n-dimensional Kähler manifold, and (L, h) → M a holomorphic line bundle with metric h satisfying Ric(h) = ω. The key property which we exploit is the close relation of AY ω (φ) with the Deligne pairing
described in Theorem 2, which we reproduce here for convenience
We wish to calculate A h in the case where M is a complete intersection. First we recall our previous notation: Let N > n > 0 be positive integers, let R d ⊆ C[z 0 , ..., z N ] be the space of homogeneous polynomials of degree d, and let
Then X ⊆ Z × P N is a smooth variety and dim(X ) = dim(Z) + n. Let L → X be the pull back of the hyperplane bundle on P N equipped with the Fubini-Study metric. Let
where π : X → Z is the natural projection. Then Z 0 ⊆ Z is Zariski open and the restricted map π : X 0 → Z 0 is flat (where
is a line bundle on Z 0 with a continuous hermitian metric.
Let H be the hyperplane bundle on the projective space P(R d ), endowed with the Fubini-Study metric. A global section of H is a linear map
→ C which is homogeneous of degree one in the first variable, and degree d in the second variable. As before, we observe that
The norm of this section is
where |F (z)| and |z| are the norms of vectors in C s and in C n+1 respectively, and |F | is the norm of (
We evaluate Γ in two different ways: First we use the multi-linearity of the Deligne pairing to write Γ as a product of various terms: There is one term that involves none of the H k : As in the proof of Theorem 2, this term gives the trivial line bundle over Z 0 equipped with a constant metric. The terms that involve two H k are also trivial, by (2.13) . Thus
But now, applying (2.12), we get
On the other hand, we can evaluate Γ in a different way, applying (2.6) s times, using σ 1 , ...σ s successively:
where E is the function on Z 0 defined by
and
Note that if we replace F k by λF k , then the right side is transformed by adding p k log λ (which shows that the right side does indeed define a norm on
We now obtain the following:
Theorem 5. Let M ⊆ P N be a complete intersection defined by the equations F = 0, where F = (F 1 , ..., F s ) and F k is a homogeneous polynomial of degree d k . Let ω be the Fubini-Study metric on M . Then for all σ ∈ GL(N + 1) we have
where φ σ = log |σx| 2 |x| 2 and || · || A is the norm on
4.3 The Mabuchi K-energy as a degenerate norm.
In this section we show that the Mabuchi K-energy of a complete intersection can be expressed in terms of a certain degenerate norm on the space of defining polynomials for M . This may be viewed as a non-linear generalization of Lu's formula. It also generalizes expressions for the K-energy in [T94] and in [PS1] .
The Mabuchi K-energy was defined in §2.3. With the same notation as in there and in §4.2, we recall that it is closely related with the following Deligne pairing
where K is endowed with the metric ω −n . More precisely, as stated in Theorem 2, we have
Next consider the family
is a normal variety of dimension n}. : As before, let L → X 0 be the pull back of the hyperplane bundle on P N to the manifold X 0 , and let K −1 → X 0 be the relative anti-canonical bundle, endowed with the metric ω n
Let F ∈ Z 0 and let f ∈ M F , where M F is the fiber of M above F . The change of metrics formula (4.12) implies, for all σ ∈ GL(N + 1)
We wish to calculate the norm || · || M . The adjunction formula says
where Y i ⊆ X 0 is the hypersurface defined by F i (z) = 0 and O(−Y i ) ad is the bundle O(−Y i ) endowed with the metric of Theorem 4. Here we are using the fact that K −1
Note that the isometry in (4.15) is equivariant with respect to the action of SL(N + 1), and not with respect to the action of GL(N + 1). It is for this reason that, unlike the transformation formula (4.8) for the Aubin-Yau functional, which holds for all σ ∈ GL(N + 1), our transformation formula for the K-energy will only hold for σ ∈ SL(N + 1). 
ad . On the other hand, (4.4) implies that
where G is the function on P(R d 1 ) × · · · × P(R ds ) given by
Here M is the variety F = 0 and ω = ω and that M −1 is equipped with the singular metric log ||F ||
where F = (F 1 , ..., F s ). Applying (4.13) we deduce the following : Remark. The Aubin-Yau functional and the Mabuchi energy functional were written respectively in [Z] and [PS1] in terms of suitable norms of the Chow point of M . When M is a hypersurface, the Chow point of M coincides with M , and the norms || · || A and || · || M coincide with the norms || · || in [Z] and || · || # in [PS1] . Of course, when M has higher codimension, no such direct comparison is possible, since the space of Chow points and the space of defining polynomials are then quite different. An exact expression for the Mabuchi functional on hypersurfaces and an asymptotic expression in the general case in terms of Quillen metrics can be found in [T94] and [T97] . See also [P] for an asymptotic expression for the Aubin-Yau functional.
Remark. The approach in the present paper can be extended to the case of irreducible normal projective varieties. This together with applications to stability will be reported elsewhere.
Dedication. This paper is dedicated to Professor Peter Li, former editorin-chief of the Communications in Analysis and Geometry, on the occasion of his fiftieth birthday.
